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£18: AR, HES®EER
PE=E

11 RREELER T4

BlE— N EESnEREH, Sa=b (mod n), ABEnERa — b FMMELIAENK
RS, FEURMnAREIER. F17017 = 2 (mod 5), EN17T—2=3-5,

BRAERMITBHARGEE, ERFRE RUnFETM—HRAOER. UEIREn
F—1EC, SBIRE—TRIRZE; ITENAMAO,L,. .., n — IFNARKRTE.

AT ARILASGRERBITE? BHa =b+ un. ¢ =d+ vn, EFu, vhEE, B4
a+c=(b+d)+ (u+v)n, ac = bd + n(ud + vb + uwvn).

XM T EHSEEFn, FIINENSREREBRER, EEERFRE, ME3
a* = bF (mod n), XBERIENEH. XRENEHEERITENKE.

1.2 At AT EER
AERUEFAH, FFERFINEE; EERP, BEFINFG. &

ac=bc (mod n),

HAEEEn | c(a — b). Eiithin | (a —b), BFURIETEBa — bEIBEH PR
¥, £ftged(c,n) = VSIHRDX—A, XBgedZRBALLE, BALLKNGH
SHR,

Feisiit, THEXSFHN: Hged(e,n) =1, FEEHu, vituc+vn =1, FiLFE

a—b=uc(a—0b)+vn(a—0>).
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LU HNEERR, N thEnElR. T2
ged(e,n) =1, ac=bc (mod n) = a=0b (mod n).

RERNSCHIAKN: 2-1=2-4 (mod 6), 81 £ 4 (mod 6), XMHIFATF
RERINESY: —AHIBRNE FENESSRHS, E5ZXESIRES8E,
1.3 BT EEAEIRE

#ab=1 (mod n), HMibRHatIERE T, ENFERR: RaZ/5HEED, SIRERKN
FRE, Flthfar = ¢ (mod n)it, FJAFIAFED, 52z = be (mod n).,

FTHFENRERMGRecd(a,n) = 1, ROMEREXSEX: au + nv = 1EnF4HE
au =1, KEEMER: BalInBEXTINREF, XTREFEERabin, TAEELL
ab51RHENAIEEL,

R EESERE H I “SHE— P EF “BUET i, BREZERERA EMKINE, mait
X—E R IIHER,

£ 28 BO/)TEB5EHY%E R

RE B F

21 BB T4

EpefEl, BpAEEREHa, N

a?1=1 (mod p).

P pIEZRRREHLEpER, FLFEIZANEERAIMER. ITRAGHEILERRE—F
RIEER .,

EE—MESAAEERFN: o =a (mod p). Epfa, BE—XFaBIT; &
p|a, MDEPHRHO, RIIK, REEP T abd, TEEMNE—XLNEae, BEIFI—.
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2.2 At 4 RERIEIEFREAEFHS

ZIREFRIRKL 2,...,p— 1, BEMNDHIRa. BUAFKEINREINAZ X —EAHL,
REBABRAIE R

$£—, FALH0, Fai =0 (mod p), RlaSpER, TMEEae, BFi=0, 5
]. S i S p - 1%%0

B, FREMTARMUEFEERREE. Fai =aj (mod p), HEFEE = j, M
i, JELIEp — 1218, RRRERKRE: = j,

Hit, EEMNp — ITRBIEFTEERHEE; SHREp — 1MIETRE, EMNLARLERE
RBANEE SR, XEEMAT ENMEXMSE, HREEBNHERRY.

EXARRER, WA
(a-1)(@-2)---(a-(p-1))=1-2---(p—1) (mod p).

ENEEp — 17, FILETSRa?(p—1)!. FBl(p — 1)1 BS5pER, FILUEE.
FTHERa? 1 =1,

IERNIRFZ: ERAFEE - REXFEENT - BEARNRAREH - HRAEE
HEFR, —RORNEEERERE—BE,

2.3 At 4 aedimiE

#HaP !l =1, BIERELIEHMER

m=gq(p—1)+r, 0<r<p-1,

a™ = (e 1)%" =a" (mod p).
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R—SREEEHEHRERRRIEZEEN; KIEEE—%KRp — LREHRH—M. Hu
83190 mod 7, BF100=16-6 +4, REE3* =4 (mod 7). HIFHH“IFCEIR"
MWTMR"RIBREES: 6BTHRIEH, 7TATHERNE.

2.4 P FAF{ERIBSR

EIEE A DIERRERR: o = a (mod p)FiTp | (af — a). RAIUBELEET: SHpta

i, a-aP 2 =1, Filha? 22al9i¥T,

BEE—REUNRERNE, FRERIFMEELZR. FWM34l =11-31, AF
2340 =1 (mod 341), E#2!° =1024 =1 (mod 341), HEDNFEIBLAMZ “FREL
WAERYMERT, FARIUERR “iE X ME BV EU B

% 3 E: BnRASRNIEE
R [EE %
3.1 BREIER SR A R I B 2

e(n)Rm1,2,...,nHENERNERIM. SN, ERENTERREN . EXN
HARRE, AEnHREF,

#n = [[1, p ERREH®, HebpEFERE, Ha

o(n) :ng (1— pi)

M LREMABNREF, MxBEERLIREe;? —TBHASnAER, EREEHRE
Tp, B, BEHEp,EREERE T EERHR, TETEBEDBIHERD?, pdlEH. BR
HESERENNR,
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3.2 FRALAAATLMERR

FENEER T ARREA Fp, ¢gIER. E1EnH, pHERE/pT, OEHENR/9T.
MRBEREIAE, BENED, ERNERRWEFR, FIUAEHER/ (pg)1:

1 1
<p(n):n—2—£—|—£=n(1——) (1——).
p q pq p q

BEZHRARFN, REHEE: BEBMEHES, NMERRARE, HFRE=EXE, X
RE, BAILQA —1/p)8, E—MATGE—REE, BRI AISEIRENME, %
=TNIRE=ERENEE. FREFIBIFICR T BMNRENNS,

NFEF—TEARY, IEMBENENERTA? EEAH T EMR, NEAN BE
wEP > 170, NER(1 - 1) =0, ALSELRFRBERER, =EZSKEHF
£5813%,

1550k, o(p) =p—1, o(p°) =p° —p° ', Em,nER, CRTIEEmMnTEES—
M, nd TR, Efip(mn) = o(m)p(n). XA REE6ERE,
3.3 BRAIEIBHERR A AMEEH

BRAUEIRIE AR B B — MR A&EEL: En > 2Bged(a,n) =1, N

a?™ =1 (mod n).

1871, .00, T WREBENEFRRRE. RaFNHER: EXETREFRENERar M
n, ©WEkRasir;, MXMIMEAERERFEHR, RNENr AR —E:
ar; = ar;F]BUHZEa,

FRary,...,ar m ARX—BATERNEH. HRE5

a(p(n)lrl oo ’,‘(p(n) = ’]"1 LI ’I"(p(n) (mOd n).

BONEESYSHILEL 7/ 60



FMNEnER, HEEMERNER. IR, MABERSBRETER: THafEH, &a
L STRERE A 22:

3.4 BRAHEERIE T 4

L = pARMES, o(p) =p— 1, RIUTBEERDNTE, H—REREY, S
RYFHEIEEH o(n) DR, ESHRSHE23H1EE,

Bp(n)RR2— 1T —EEEREENNEY, T—E&/): T—EREXZ T =ER. &
REASEHER, RATEENNEERER, XWE R ARSANBRE EMRETERS
—A) “HRRIEE", EOFTMERERAVHER.

£ 4 F: FEM S EANER

REIR %

4.1 fr 2 &/ “EEN” FEET

#ged(a,n) =1, EX

d=ord,(a) =min{k >1:a*=1 (mod n)}.

BNARRaENTREN . ERE, AARNEEEEAE—TMREZGNERRe(n).
EXRZMMENERENERSFRENN—T,

FIaNIET7RS, 2,22 28MREE2, 4,1, Fillord,(2) = 3; MBED/NEIRLKIIEEES, X

Be6gAtH, ERERBEEMBCHN.

4.2 P+ 1 EAEIZNRIEE L B RO AR

#a™ =1, EEmBRIAd:

m=qd+r, 0<r<d.
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ERal =1, Ha™ =da", Filka" = 1. NRr > 0, EME—PLLdE/N. FEHERED
FRIESER, ERANENE, Bittr =0, Bld | m.,

Rigk, Rd | m, a™2aWBHRE, UARARTI. TENIERESm,

a®"=1 (mod n) <<= d|m.

fBm = p(n)XX\, B3d | p(n), ZRLNRBLRAR N EROEREL, FEN
B ENI ENERILE,
4.3 JWIBHENR, AT AT RERERIEE

BRIEESIERIEHREE Rk = qd +r, Ha* =a” (mod n), FitEHERE mod d

JRTE o

XEEHIFEANNSR: k2ig, EEBERNd; o"2EE, MEEnTITE, LR
kmodd +— a* modn.

BIAISIEIBRIBN 4, #8! =8% =5 (mod 13), IEMNIAER, REFHEFFHOMU
B BENRESNHIMISIHELRN, FEMpERI2N, KENERIXM EHERHN
L7, TRIERENERIRE,

4.4 BIERM, MR—1T=HIE

KNI R AMRATE EBE, RBEQ(n)WERPHRSIHEe? = 100d. EEMNENTEE
RUtEEIM, AIUNETEUBHRMNEREF; SXERNNBHRENEESTNAL

B—NERLCE: Ealiind, Baa*imK

d

dn(a) = — 2.
ordnl@) = ed(d,p)
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ERFTAERMR? (a*)™ = 15MFd | km. Bd=cd'. k=ck/, He
c = ged(d, k), WEHZRd | K'm. BFd ,K'ER, EMFd | m; /DhEm#Md .
k=0, ARtLEM, FERe = 1.

%5 &: RIRSERHREFNEN
eI %

5.1 RIRAT ARG BEFREAES

REREpNIETRREHRE — 17, EE TR Ip — 1, W

9,94 g7
BpEARER, BMEF =¢gB0<i<j<p-—1, FRgWFETMERG ‘=1; M
0<j—i<p—1, SHNRIETE.

Zp — 1A ERIFFRRENAEH EEIEFTEL., XFENGIRAEPHNRR, FLETIEE
RENaHEHE—FRN

a=g" (mod p), 0<k<p-1

XBHERERBATNRS. ARERES, TERERSSTREES; RSNFLE
HESEEEE AL IR EIAM,
5.2 “fEM " —RTEMIEMMEE

B BEERRRIENU,, BEEERTE, BIHE: RRENE, GRA5T,
SATEEET, RERREAR, BAXEERNESTNE “HUN ERTESD
AR, E|U,| = p(n).
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MRBNEBHESAENTEZNR, MIMARTE. T2 SRS plIFTRREM
p— IEARE"BEMIEIE: SlERETHME: FE—TFER, ERASEHED
B, BI—TMEIRKRBETSRE, FE—THIEFEULRRREE, TEEN—HE,

‘TR ZOENFABNS/NERE BN ETRSH. EMMERR—MIE, BEX
RE], BIREER, TEMEBREM; BOEABRUOUA. STERE, BIEAINUE
BEMEAATHEMANEEX—R.

5.3 At 48T REAEHBRIR

B RBpEHEFEERR. p = 2E—FFRIMERR, UAHT1Ep > 2, XTEHICHIXKHE
& ARRHNEESR, —TIEFSTMANREANEBIENRE, AL, FIEFEFRER
AJREE I R =R,

AR, SN =p—1, BENWN—EHEERTLE, Hhe I HERN, ST
XN/ _ 18R MEN /L < N, RERELEHN M ESRBMHE AR, FIFEE— PR
aERaV/t £1,

atINdEIEN, BRERN/L, FIAdPBRASERENEFLS; TNENES T REER
FHESTEN/LE, FHABBRN/L, BEEb = ot ; ENARAETHMNH
d/ ged(d,d/°) = £°, EBENERI— P MIEARLCHTE.

SNOB T AERREFXEM, SE—AMPMMERNITER. TR, MERNHT
TRBE, EMSFTRHMEIERIR, BEEk, MEEIMANNTR, EMERIR,

XEAFINZ IR LS. EMAXUR “MEREMNFRMIER", EE14E5 RN
BR, X—ESiHBR TN )/EMHERER, BRiEEREEYERZBRBENOE,

5.4 A+ AFRBERIREIBA S

EE— M EiRg, SN =p—1, 2PIETHZgF, BFEA4TAY

N

dy(¢) = ———.
or p(g ) ng(N,k)
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FRIAG*MINER, HB{XZged(N, k) = 1. #0 < k < NWHSH, SRR
Z2p(N)., ALEpERETENe(p — 1); p=208RFIEFTH1, HEHLRe(1) = 1.

SR TR EROARREFREE. flN&Esnr®Xl, 3,5, Ta¥HA1, Fe—17x
KBMMEAR B2, TIEEMATTITR. FAEHERNTLZSIMAIRECIEAERIKRE

—MRETIREL,

$ 6 §: FERREES RELAR

R[E B

6.1 EREFEHSTERFMH

&my, ..., mpeMMERNERE, M =m---mg. PEFRREE (CRT) H: 4GE
ETER¥al,...,ar, BEIRE

z=a; (mod m;) (1<i<k)

B, MEERMRBE-TE, iR, ERAUERSTEHAR, EBENHEEM

(=33

PMRER 28— AREBNRARNVEE N, EESTEREKRZERBRBRETE
RREYHSE, WMIRIESTEEHERIAM

6.2 At aFE: MWERFIM— SRR

LM; = M/m;. BFEREMAMER, M;5m;ER, FiAE¥ETt #E
Miti =1 (mod m,-)o

MEBE; = Mit;: EXm;R1, MABREMmM;R0, BAM;ZEMXTEF, T2

k
T = E a,-Ei
i=1
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SHmBURES, BRESJIAIMTESR, REBTa;- 1, AN T zEBEZEER, XTE
BAL—TRNAN, MEAME " RAR—TREFH"NI, SECIME,
6.3 At alE—, AKRATATTAERRE 4R

ez, yHREEHMER, MBEMEERT —y. Blm;mMER, EMINERRMEER
z—y, Ble =y (mod M), XFIEREMEIE—IE,

1550, Ep, qRAERE, &n = pgtIB P FIREEME—XI N —3F 44

zmodn <— (xmodp, £ mod q).
EE—XWLIrERESRE, SEFXRNEXRE—T, XMEXRS. NE. FE. BEHA
MRERT#5030#1T, BEaHE

FIANKEE5HI3431 (4, 1), tHAE&E5H—1. B11R1, TE3428, MDD RFEHEESE
1, CRTHRIE34% =1 (mod 55). X MIFRATRTRALITNEN; —RECE LEMN
T,

WRzSpgER, MTLREHIEE; RiIK, MLTHFEFTHERESpgER. EILLCRT
Bt Upg <— Up X Uy, FIOBZRHEBBERNEE AT EMITANT,

6.4 IREA BRI BB

NFzx=a (mod m). £ =0 (mod n), Em,nFER, MMEKRTEPR, ERL
HBERNZ

ged(m,n) | (b — a).

DEERERE: z— ofmBIR,  — bEnBiR, AN _ZBHWERLNNER, HEF
2b — ath N T EERR.
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ROMTHEERRELY. 2c=gcd(m,n), KBz = a+ mk, KAEZPEHEFE
mk=b—a (mod n), Ec| (b—a), EERXAFHV=INEHHUc, MEEEn/cH
F&R; m/c5n/cERk, RAIMAETELE. BHNEABRlcm(m,n) = mn/c, XElem
RN/ NVAEE

SRV AR, SENES—XNREHENNNBERY: KEBAPEMEELER
R/NAEE, MAESAT AR, UREEMWISES 4R, AR ISE,

$ 7 E: RSANIRHIEFES B IERE

R[EE

710 A1, HANBRESFEET2

BTN ENFE D, ¢, €n = pg. HEMBABENN—MRIRERT. 22 (n,e), i
ZEMZTHe = m® (mod n); FFIELHIATiTEC? (mod n).

EiLEEETm, BELH(mM®)? = mUEmER. HERikFe, dHRE
ed=1 (mod p(n)),  ¢(n)=(@P-1)(g—1).

FRFEIFNEHIMEed = 1 + hp(n), MTIERIEREN“ZREBD” RAFEEAIRE
£, XRESRAIEEEZT,
7.2 XERA AT 2—EFTLUEL R

FitBp(n), BIESEERNIERNe. AFI1ENTETHEMY, eBp(n)BEnd, FAIMA
By BRLESEEEY, HER—TEBHAX.

Rite, dFIHERIRERBREENHEXRR: TiAEERNe, ETERRILEIFE, X
BEHTHERZe(n), MENNERER, FERELRE
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MNFSnERVER, RAEEERSAS
m® = mItM) — m (MmN =m  (mod n).

BEXRMETERHE. HHERSApHgX AT, TREUEERENNRAITEE; T8
TEAZRREGER.
7.3 AERIEER AT atheERR
SEIIPIEIAMSE = m, DM NEMOER.
Zp | m, Bled > 1, mFmiEp#H R0, Epim, FTNBEDNEE
mP! =1 (mod p). fip — 1BMe(n), HibEied — 1, TR
m® = m (mP~H)E-/e-Y) =y, (mod p).
TP BRI E, EphEICHRiI. Mem2RE, B3m* =m (mod g). CRT
BIEMNEILEER, B82m® =m (mod n).

RXIMERRBRIEESnER, EFANE: E8TRELrE, HEREANO, BAFA
AEDNER; MMBEREBET EMHE.

~

A4 R5TBET LKA

EREDBNSEp, ¢, FBEITEe(n), BEAAHNeltBEExd, MMEE., XIERAT

2R n — METBIEEHE

B

EFILAGER): BEXd, BefReERIKD#En? EREFAINERBIEZL; T—FMed — 11
RIBAAT A,

XEITICRSANEZRIZE . LFRRSASHAIKAEHEMed =1 (mod A(n))&M4, H
FA(n) =lem(p — 1,9 — 1); EMRUTEREENZRRIBCER. £i—18585 B EIEN
KAEBIEFE16E, MnEMIEILRFC 8017563.277,
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® 8 E: BMALAEFIEN o RN
R[E B F

8.1 TAfAL T HATM—FFIMER
BHAn = pq, Edp, g EFERA. RIT1ERNFATAXRS
K=ed—-1>0, e(n) | K.
WFEBSnERNe, RAEERIEE =1 (mod n)., HiEEn, e,d, FILEETE
K; Z—HHARKMIED, q. AT ERD, gEBEER, FATFTEMAEREN],

EKFHEBAETF2RE, SBK = 2%, Hbradi., BT e(n) 2B, XBs > 1,
BEMISESTHFY

zo = a’ mod n, Tip1 = :1:3 mod n.

BiFARTY, ALEs, =d¥ =1, RINFEEETS; KRECHIEREMRIT,
MEERRE— )31 B —T,
8.2 Nt A “ERA N sEFEElF

22N eHRz2 =1 (mod n), Mn | (z —1)(z+ 1), EpE, pRFEE, FApKIFE
Bz — 18z + 1, Blz = 15—1 (mod p). EqEHE,

Rtz hIM N CRTAAR RBER T EUAAES

&p &q BHENEX

1 1 z=1 (mod n)
-1 -1 z = —1 (mod n)
1 -1 MIAFFSAE
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CRTRIEBMASN—R. EAp, g R, RETREENS -1ARE, XN
Rt EAEE,

BREMMRRIIIEFENFEASR, FEx =1 (mod p). x = -1 (mod q), B4
ple—1, Bgtx—1; SNgeRNERz — 15z + 1, AMERENNE2, S5¢hF
R E. B

ged(zx—1L,n)=p, ged(z+1Ln)=gq

HSERNAIEFER, RANNKERRETF, RERAMNREFHSEE: — 17
z+ 1%, FR2NEFARIHEDR. Hx = +1 (mod n), BINIARIHE n,
REREEAT .

8.3 B—XENZRIN—TATAERNE

Rigzo # 1, FHiRz;ZFINEIRLI, B2aj > 1, ENEI—Diz; 1/#HE

x2 =1, Bz #1, BRXEERIN.

FRIABI—INREMmMAIgE: EFT—1, BEXXEN; HEBERIFFNFHIR, PR
EF. #iameitRl, ERNgar—manE.

—NMEEZITEn = 55,e = 3,d = 27, MK =80 =2%-5, Ba = 2, AN
25 = 32, HEF5152I34. 1, BI—IM34RR1354, FilAE5lged(33,55) = 11. ER
E—IREEN—RES; RINFMRE L—THNEMESHES,

8.4 RERESKMD X

BERIUER TEMNINE . AERIIIIR0ZER — 1INAR, MNHE LENEHEL.
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1. M1,...,n— 1195%&Ha, it8g = gcd(a,n). Hg>1, EHa <n, gER—TE
EF, Hitg,n/g.

2. 72g=1, iT8x =a" mod n, Hxr =1, KRXKK, EFMILERBEL.
3. RZ#{Ts#: Qy==xz?modn, By #1, Sz =y Hy=1H
n—1, KREKM; Fy=1HBz #n—1, Hitiged(z — 1,n) KRB —THAF.

i

BE— MO BMC RITER! MANNEIEHR, FE—LMRAL, FLEH
TRIEFATHR, SEBAT—ELESLREIA, Bhe, =X =1, HEETT
BRANE.

8.5 it A EEIFAME

BAIEZIER: FEFAFFNFAR, AN iRAERERK, RARIEFNE,
RN R = SR ™ £ 8RR,

AENE O FAIRER AR FEE MR —F, EEFHENITREBRAR N
HE. FEMBIERaL R, DEEZGEEB—TR, ZTTRN=ZFRAX—F.

® 9 E: INFREFSHITEREIANE
R[EEF

9.1 FEIERENIEZENTEE

F"ARAMREnERNEL, BINU,F1IYERa, HYRTEREDTRREFIZRIAVETER
#H1/p(n). —BaitE, BERE. FAMNRGEAANBIMBTHE, LB MIIREIIE
N

EEEMERL, ..., n — IAENEAER: FTERNEHERZRLASER S FET 2
MaBR”, ETERERSINAEFAIRE, BEISIERERD XAMINER, BEEEMRIING
)| CIETS TS
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9.2 AT A EE X EIIART[E

ELTHNETRe; = o® (mod n). BCRTHF, Epilig&BRA—5THF
5, FDEPRARN, BEIANKZITTEERRE.

/7~\
T, =min{j >0: a¥" =1 (mod p)}, Ty =min{j >0: a¥" =1 (mod g)}.

T, R EpE—RENN, BEM T Z0RFT; T,aXHEE, ¥ina"BEERNE, REIC
70, XM EEHMENELNRGRE, ELHRAENEE, EMFEETKTs, EAES
B2R1; FNAEHEFA, HA1,

SINEMNEN, 2EM—METFHMTEAR ECA FILITRESRANERIN. B
EESBITH.
9.3 At A EAR B A RIF RIS

BT, < T, BEFSIE—RIOHAET,: WHFALEHN, MLAEgERE, 2
§i—1j = T, — 1.

RpELREN, FRARI—IHpAInA1, KeEAREN, ET—RFARKN1, FRARI—IHHg
dtng—1, XERANERBT AR = 1RELIFAME, HREMIRF-1,

RULE — TR R (1, —1), BIEFAESR, BERY, 2T, < T, FEE5)
(—1,1), .

2T, =T, =1t >0, BI—INMAEEAREN, T—IREAEH1, FAUBI—ITR
(—1,—-1), BNEMAEN—1, BEEXM, &t =0, MREASH, bW, FREREELE
BxE, ELXTERKEE,

I <= T, # Ty, KW <= T, =Ty

X—5 RERRINS KM FEYE, TRFLEEHMER, T—SERMITEANED EFD
o
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9.4 CRTH{+44a IR RIBE, 4 4R

HEOBALINEIU, «— U, x U,, HOEAE(p — 1)(g — 1)5445; S—Hagsdii—
NEH, HOREBU, PR, BN TSI AE R AR,

LA, =amod p. A; =amod g, BEIE—TEZFTRION— TN IEZERYe, B

1
(p—1)(g—1)

P(Ap=b,A;=c) =

EEbitcEE, —#Eq — 13, FUP(4, =b) =1/(p —1); &
P(A,=c)=1/(g—1). BABEEFHMOSMRNTR, XESMIIM.

A DUEALIRY B — T TBRITIIR: RpREURETT, ReREORETY, H@EE 7
—17, IDARBRRITHOE-S, EASTHERBRNEEY. ZTEENNNEL
HAIBIITE, MARRIMIRIR.

9.5 FE—IERE = ERF A ELAR Bt 4 th iRz

T, RFZ2alpSinaigeitE, ToREEER: BENrZETMINENML, B3I
IR ATRMEFRENEE, TRILENEX,

EX—AERIHEBE, ©B vEpIARESTIIREES, C, hEgEANEET
WHIRHES, BHT, = t,T, = uXiKB; x Cy, Fill

B
P =61 =v = -1

= P(T, = t)P(T, = u).

XEB|B| RESHRNTEN, WERL, usbRiL, FiATy, Tz, XBAR“EN1K
BE—TREA S EMREM TR, MECRTRIEIYREIN TR . IR,

9.6 ¥IZFUERAIRTE IR TR — 5

BAIEBKRBENNT, = T, IR TMEIRIL, EFEE: S RANE L IR
RESBHR— L.
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ETRMNBEMEIER, YFERL, P(T, =t) <1/2, t#qth—t%, BLERE: FIARE
FROIAREE— T BUMER R L1955, BRIETZNMSITERRANE, XE TR
575 RARESY” BAEER; F— ISR E@EAIL,

# 10 E: BN YESEANES

R[E B

10.1 ISR EHT REF £ D

FTRBA— MR EEAITRERN, EXE—TBRESSLEHS, Y = f(X). XF
— T Hidy,

{oeS: fz) =g}

P(Y =y)= 5]

DFEFEYNHMATE, BRYRETHR. BASTRASRRERLR, ALBRMEES
DIPARRXEBERE. EBITAEMEINRE—FS, BE7195; FfENH, 814
HRBE—TRE, SRS,

ARSI AT RIS E “"BBEHS”. TESALFMEEIX N IREMRETHIRGE
2, URMPLEBRES 2IRET
10.2 {EARENAISRIE R AR ST SR 1289 %

RofEp, RqEBEE, iBp — 1IFNAF2EHIRE, B
p—1=2%, uN .

aETp - 18ESVIET2: EApHERY, o> 1, B—5HE, HENERE
K =2°r, rA5H. BmFp—1| K, As > offlu | r.

F—TERXAANTARIL? u | 2°r, BuRFHH, 52°HR, FNUAIDUEZE2®, #EH

u|r, FREr = uw, wthbhFH,

BONEESYSHILEL 21/ 60



BiEpMREIRg, €h = g". ERgHM AP — 1 = 2%, F44THE

2%

pr— pum— 2a.
ged(2%u, u)

ord,(h)

R th4E B —MABE2Y N TR R B
H,={1,h,h* ..., "'} (mod p).

RESHuER, MEMKE2 uRIRERTR, SARKELN2MNEBNER. HEEE
a’, WRBERXNEFH; T HIEMGEBERER,
10.3 AT AR F I 20T AR

FRALE—RSa = g* (mod p), HHO0 < k < 2%u, Blr = uvwiERE,
o = (g")" = (¢")™ =h" (mod p).

MERKT A, EHRME2%, FIUAHEBIE S kw mod 2¥RE ., XMEAT AR
HURREZ 2%,

=ENEEPTIE, BENEMIEIERIE2Y, %BEa" mod piAia” mod 2%, 5
ASTHNEHSBEXIEXER XL,

10.4 AT 2 MBREXT AR LIS

H5E9E, a mod pEEHIFFTEX LY, FEREFESENE, AUEBEO,...,2% —1F
195, BELA LTSN =SF D,

BITBEN2B R, BERY, 1BE
j7 j+2a7 sy j+(u_1)2a

RuPMRSTEE. 8TRENRGHER, Mk mod 2°19%), STHEA
u/(2%u) =279,
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HRBX N REGRw, BRwREE, ged(w,2) =1, ®EMEE: &
wj; = wjs (mod 2%), BHj = j2. HULFwWE—HES, kw mod 251945, Lbhk
RAEBwWS52°5RA, TFEE58 1M — 18R,

RIGH%RS %k mod p. BATFRMIMIEITFH2%, XXEWET. LA

a" mod p7E Hy t195, B8 1TRMERR 27%

FENKEARE: FRAENFHES, REFANNESR, RFVEAT, RENFEHR
SXENRG. RNREERKBEEE — ITIFFXLRFYY, MEEXTR/NNH, LY
5.

MRBLEZIES, AJUBp =13: p—1=4-3, #&FIRg =2, Wh = 88 H4. B
r=9, Aw=3; 2TRSTIBMRNETRABITEE, FRIBLEDLTREEH, HILb
Witl1,8,12,5%451/4, XTBIFIN EENRIGHSHT, TEB—RRIERA.

10.5 EliARFEI AT 2 HTRRE

%z =a" mod p, EBEH,H. BiMAd, EETHIRMSITELY, FRIAEL2%
HIRFA]

=1 (mod p) < d|2.

il H, R20MBIE, 89028, Hi0 <t < a. XAMUEEM2 = F*5ERLAR
d = 2%/gcd(2%, k)BH, tBRFE“TEMEREEM N—RERE,

Ld = 2'B, d | 27T > t, FIURRINNNZIERT, =t. t = 0BKEd =1,
ENia-E4 21, HEARER: H,FEZ M1 mRImER2t?
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10.6 B METBI T ERS 2B
Ff—ROTEL RROMAN, 2HTRREL®, 0< k<N, &#d| N, HENARK, b
KR IRIF SN T

ged(N, k) = —

WEFRMNRSVEESRE = (N/d)j, EH0 < j<d, KARKALNE, {H#H—TF
M Fged(d, j) = 1. ZHENFEEE(d)1, FRINEREHMIERINTRER ()1,
d = 1IN RERIT; FI5ERBTENEHLIER.

EZIN = 2%, MRIIBWTEEID; MR, 1 <t < aitEBe(2Y) = 27119, X2
EH0ZE2! — 1h 52 FHEEFESSH, Bh—%.

PRENBREMH27Y, Eib

0, HAEEEY L.

279 t=0
P(T,=t)=c2172 1<t<aq,

XE HEFMNTEITERUEMBIRTE, FARESTEANBERIRAFAIRE.
o =289, M. 2. 453081, 1. 21T 7TEx, AAUT,ERO. 1. 289K A
1/4,1/4,1/2, INMEIFER: RS, HANEHRES, EATEMNTRNE
AE.

—fRIERT, FAIEMERNENRAL+1+2+---+2271)/29 = 1, MEMERLTR
1/2: t=0Ma >1; 1<t < offRXEREt = aBiE, BH2%71/2% =1/2, #q
s, RFLaikg — 1PEF28REB.
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BN E: HEHMEAMTL2EMRFE
R[EEF

N1 BEFZHEFTRETEENENR

BT, Tz, BT, EMESEMENBREREIE1/2, BHET, =T, EEZEE
METEERNETO0. RNET, 2%,

AEHFBENNEAEENSEMH: —RIAFAFERERERNSFT0, XEE(ENF
T, BRI DHEX LM R, IR M AFHES N "R RE"OBMRFAFR, T2

P(T,=T,) =) P(T,=t,T,=t)=Y P(T,=t)P(T, =t).

SKAE=FTE IR, SBEZSMIEER0, REEMDAEER: siam, 2ER
HEMENERDTESR; EER, RERAMMENEERT. FEE-EAHR—"H
EAEIAETR.

1.2 At AARRIES T 2o 2 —HigEM

La; = P(T, =1t). by = P(Ty =t)., F—"Fa2 “TpBUXMEHILLHI, FZ MR
R B XMELIME, MINT,IRF LR BRI,

REtba;by 7 BIX—FICECAERMB 1B PR SRR, Rinb;, FZBE T T ERE MERNE
AE; BE—XAMMHNLRERLLNEEIEANTER, tMAEEEERKNSES.

XEa, > 08, ar = 1, EAT, RAMEHIE—TTEE, EHY, arbi2Ma,Joix
B, b EINTY., MELHNI, SEFELREREN] /M5,
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1.3 =1 EH|FX 5 EFMES E57

RN REND mIZIXGIE: BadoRkRA1/4,1/4,1/2, Wb:71/2,1/2,0, XLFriE%E

11+1 1+10_1
4 2 4 2 2 4

RAEE T, < 1/20, AIRES—THIb,BRMEAN LRL/2, 55

1+1 1+1 1 1+1+1 1 1
2 4 2 2 2 27

5= ERFIE ORI A1 /2, FIASERRE] /458 LR /28 MAR ML, XEE
FRIBERNE = MUEMRRN1, MARRESPTAERE, F— P RBREX LA
L.

N4 —fIERT, ELRATAFSHEKRFBK

NE—t, BFa; > 08b, < 1/2, #Hab: < ay/2, FWHEM, 53

< 1
S ato_
- 2
! a
= = ¢
2 5
1
=5

ETERAES—IINWLER, B=TRIEAHERL/2IREKM, HEMTEANELSNNI,
AIEENEE S, AFSRERRE—T; EBIN—1HEEE, BEREEESHNBNERD

LE—8#7.

ZAE—MEN: FHa; >0, Y 0, =1, B8N < M, LY, atby < M, IARTF
WA BES 5 FHINE MENRKE.
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1.5 FERREFBRER—THES

EMBRVIERSFEMHRT,MNRED X:

P(T,=T,) = P(T, = ) P(T, =t | T, = ¢).
t:P(T,=t)>0

SUBEP(T, =t | T, = t)&in: BAT, = ti5, T,AFCREHEE, BRI, B
AT, RERBT 5T, NI EEBERETFP(T, = t) < 1/2. HXLLRERE
T, &AL T, SICRERRETL/2,

ST MR ATREEREE? MR XSTEEE0. 1, BYY = X, HBAYEE MENBRLH
1/2, BP(X =Y) =1, RESMEXMUE, YHLRBETH1, RSAXEZEXG
=, EREIZEZRCRTIFR T A MR RS BTN DRE AR [E ML,

11.6 EESIIZED—FRIpIHE

EOFILEE, NTEREE, RNEERET, # Ty. BFS5TRFENHE, I

1
P(3) =1—-P(T, =T,) > .

IE2SHEERNR: CRTIZEMIIAR - IR EEMFMBERE L195 - BITEMS
ITELARE - S EANEMEABI—F - BFMBEMRFLY - KWERFEL
—¥, ELPHEEINEILR; KE—PREBEEEMN.

ERERTRFRSRENTRN = pg. EERKHEp—1,q— 1| K. AN2BER
S99k, EEERNK = ed — 18p(n) | KBRIREEE; A(n) | KBRS,

EMEERL, ..., n — 1M, FEREHEZRRD, BERESHFGDMINEY, Bi5
BE—RFUBEDE—FRINER, BB, SpRERDZAIMRINE, N

P(EE2im) = 1 — %(1 _p) > %
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ZBp(n)/(n — 1)BEANERDXME; RERX—DXANKWATRERE TR, MR
RNNEFCE, EREXFTRATLAEELE,

£ 12 F: 2. B1TIHESRSALICHEE
REHF

121 KMARER AT LB

REMEEFMIL . DERRE, METFN—RE. BEEREMTERES1/2,
W EE R LM RE S
1\* __
(5) — o,

MIBE" TR, E—EHEEEF—TKNEL, EETETE—H, EEREUENA
FREMINR, BFHFILLA—ROEBAREF—RED T,

SERHERNRE AL MUINE, FEEIEZNNRFEZ NS IR, FEMRINMELE
LIEM, BRRERMET, ATASERE; ENUBEIRNDBRER,

12.2 AT AFHAZZ TR, ~FFmRRIHEIN

BEREINR S p > 1/2, ©NHBE—RRMIMRITEARY, BERIBFE—REY, B
Thik — LR, BEREY, FIMP(N = k) = (1 — p)F1p,

HIZ E[N| R RAEMIIGITHPERRENFE. HERNL/p < 2, X PKRFABATUM
"B+ 1RELFEMER: B ERTEM, F2RABFERKKUTREM, F3%
RBEBMRERKT FZH, FLb

(o o]

BN = P(V> )= (1 p) =
=0

LY
=0 p
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B—FANKER: —akierias, EN >0,N>1,...,N > k- 1Xk7 5%
HRSHRIT—R, NXERIERETEY, BEM, MEFIERH. X@ERT I A8
AEBRITERRE,

HAEEZ L2 VIR, FRBARZ2E; MIRZSKMNEAE, REERMER/TERER

12.3 At 2 ZHAE S AT ]

BREAFTERGALA. 118a" mod nIAkRZsRFER, RERIRBrig —#HRE
Fri#t1T, ERAO0(logr)XiERE; s < log, K, FRAA—XEXMEEXEHZ0(log K)E
€5,

BEZRESMEICENUERE: PERENFn, BO(logn)fil; EFRESH/LE
EHAE X TREMKISHANEEI, ELRieiEiNZXTlogn,log KIIZmNI, &
WEHEZ2, MR RREN NS,

“ZINAT ) BIBANMREE, TREnABEE, TEUEXREIRPREBESRS16
5; ATIRARINRRERES BT EERER, mESICRIKIERL (Handbook of
Applied Cryptography) 583&Fact 3.3058%Fact 8.6,

12.4 REHAS NEXMREHE AL EXS

BANER TR AE: 2@ne]UREd; EXRERMNTAIAIEEd, FJUMBI D En.,
LE“ iR EFAERIEET 5 "D ERE” BB X BRI EER,

—
IIJJ

BE(n,e,c), HIEREHREM® =c (mod n)MHE, BEZ—MEAEEMITEME
. BEEE—TEX, HARKEELFE—TNAEEEERNMBIENRd. EEIBE
DREEENTMIEEEFHNK = ed — BEMN‘EEFERERRBFEIX TR,

3R

-

PINXER B IR RZENEERTO®” . AME—MAERIZEE, AEED
REZHRENLIAEERERSFECKRMHNESR . RSARESBA DB ZBRIXMNEHE
X5l, thEE _MRFIENESR,
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EHEe(n), WAEEESBELZE. H
p(n)=n—(p+q)+1

BRS=p+qg=n—o(n)+1, BFBpg=mn, p,dt=Exr? — Sz +n = 0
R

S++v852%2—4n
5 )

b,q =

XERAAMSREEHEXHTEF. ERARAIRES 2REZETREX, EEZBIER—
YRR T3 R ER W NS R TE BRI R 28
12.5 B[O EE KA

ERENINTFIEEER, ENNESREIEAEE, IUIFRE=TRR: LIEMHR
AT AREEMRIN. AT ARIDIRIL; F10EERSTEANBERR A AT BT —
¥, BNEREXELSIEEERK.

HFEEMTEE, B18EEIT. H—oE. BFSCRT; BURWNRIREFEN; $B15F
ANEFIEFRIM SITEL E16ELBRER,. S—RANSERE; F17EREEIHITLE
M. HRETRROEN, FEKRCEMEMRGICETHEEES,

55 13 &|: #MRUEA: @, E—2#ESCRT
REER

X—EHBE X —FPTGIERNEE, E1—128EL2RBRTENTIRSHS; XBEHE
=0

NEENEMEE. RN DIRERE, AEE—XEERET.
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131 M MELIEASURRFFI

EE, NWIAENENEH a,b, FEEBH z,y, &

az + by = gecd(a, b).

A

S={ax+by:z,y€Z, ax + by > 0}.

SO Ea£0, EiEo=15 -1, y=0_E133 |a; TN |b

SEHmNTEd >0, 5Fd=axy+ byp.

. HRFRIE,

X afEEREE a=qd+7r, 0<r<d, T&
r=a— qd = a(l — qzo) + b(—qyo)-

MR r>0 EHLESHRR, #Mbd/), FE, 88r=0, Bld|a. EE]|D,

S—FHE, ARELNE c BER o, b WEHEMAES, Fill c|d, #imc<d, Bl
d R AN, XTNTEMAEANE, ER ged(a,b). FIFHH xg,yo EAMELS L,

L,

AEAZHBLEEMAS, MESLNGR/NEAS, BRATRRERIRENELAS,
X MR RE R D %, EEICIEEMmREER.

13.2 BRHERSRILERS|3E

% ged(a,n) =1Hn | ab, HEFEXN az +ny =1, T b:
b = abx + nby.

AMMITUIH n BEF, W n|b, XMBEREERE, HP n TREHRE.
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ERSEE, Ep BREEE p|ab, Wp|adip|b. BEA—E pifa, FEWEEHR
1,p, Al ged(a,p) =1, AIRAEER. XFRARILERSSE,

FEFHERIEEME: 623, 186 FAEREA—ETF. REMAKR/LESSIE,
ERBEERERTER, VEREO—IET.
13.3 RETEFENRERMN

i n WETEHER au=1 (mod n) WEM u, Wn>2 &
aln BT <= ged(a,n) =1

oM Haz+ny=1, Blu==z,
WEM: Hau—nv=1, a,n WEBTLANEERATIL, ELERR 1, FRAREERN 1,

WA 0 B TR— ZEau=av=1, M n|a(u—v); MEREER,

n|(u—v).

Eit, 3 ged(a,n) =10, M ab=ac (mod n) FIMFEMNET, #H
b=c (mod n), XREEHAEMFHFIREFRIRIKE.

13.4 T ER#EL

HREAFHFRONSEHER., Zaz+ny=1 bu+nv=1, 1BFE3
abzu + n(azv + buy + nyv) = 1.

(F5 ab,n AKEBEBER 1, & ged(ab,n) = 1. BRSMEFAIAMLME,

BRI AR — B, WHFERBER, & gcd(m,n)=1. m| A n| A,
5 A=mt, Hin|mt 5EEE, n|t, W mn| A
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13.5 NI SERRITEIE T

wRRELE ged(a,b) = ged(b, 1), EA a = gb+ r FRNENALNHEZLERE. R
ERZENFEFRITBR), REEESRALNOE; BRI KREREARN, ZMET
REULESEE.

55N 40 =13 -3+ 1, il 1 =40 —13-3, M
371=-13=27 (mod 40).
RXEFTHSRNEGERNERRIRE, TE2EBSH 1/3.

13.6 EEM/ERRID

BTEM n > 1 MESHERTREBBER. FRASIIRFEIN, REFREEHE—, 151
EREFEH, AIUEMN

n=py Py
Heh p; MAAE, o > 1, HlE160=22.3-5,
“GEHN‘E—"M 1T EE, FAeERIUBEERYD, MIAANARRIEEES—MiFD .

13.7 FEME: |AME
n =2 B5RFRY. BEAEHRE 2 < m < n WEHYTHE,

En R, FeIEIKII, &En 2t AIEn=ab, EF1<a,b<n, BEAHK
Ri%, a,b LEFEBERFER, SE—ELALE n DR, BLLXMRE n > 1 KiL,

13.8 IE—1%: ECXIFILR 1L HIERR

i
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EMMOME, p1 BREM, HER/LESSEE, BERED ¢ MTRMIERE, AU
p1 = qj. BEHAEY, KEREE I, BAESREHSFAPAXBERRE,

ESMPR, BXEMEHIIHNEZ—NBEREF.

AT LWL —ERRN5E? R r < s, AXZEMNZS r TREFE, 72
1 =qr+1...qs.

AMEDF =1, BTREEANT 2, BRIRAT 1, ¥&. r> s @HFFE. i
M r=s, S—FENEMERERTF——BF, EHMMER. 5,

RESECXI KRB RLERSHE; DRARNGREBIFZFRECRIAAT 1. XZRRXI1E
‘It ArRERRNAT NEEEE.

13.9 RALNES R/IVA BB REBFHER
NEBRSITIERE, EBLIMBEARSRECH pj, ROETREFIIIEEICH 0. M1
HRARABNETEHNE/ME, SNVAEHREKE:

ged(m,n) = p;ain(aj,ﬂj), lem(m, n) =

J J

max(a;,8;)
j .

HHZE: A%, —TEBERERS—, SENESTREEREIE8INs5. 2
B R BEROFHZETIEIRE .

F2 ged(m,n) lem(m,n) = mn, —MEEENEME m; Bk, HENEHE
lem(my,...,mg) B BEHR 0 WIBERBEARIL, XFRAFERNREERNER
HA,
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13.10 —AS B Rl pk 3L

L A; BEEW p; BRNBHES ., SUTHANEN, BRAMEESTHREBME, AEERE
R ANEE n TBE

S—PMEANBE 7T A NEH, EERARNSNEN

S () =a-w

t=0

H#j3=0, XER 1 Hj>1, NEN O, FARBEFRITAEREE, BTITA—RX
XUR T &R, MIAUEEFARIERNTEER,

Bl ={1,...,k}. TERBER, BTRENUEFRRANELN, &

p(n)=n) (1) H —

JCI e pi

TR 1. BF [[,(1 — 1/p:) B, MEMNMESE 18 —1/p;. ERATE THRISLT
FemFE J, Tk (-1 [, 1/p BTN FELEH—R. Bt

go(n)_nH(l——) :

pln

RONABBFRRANBERSBERIA, REFEHNETN n, ARRNEZEEFINRBARE
FEFRE, FAAESTRERALI—1ES,

13.11 MM BRIV E R

IRIERE my,...,mp MMER, R a; HESBY, € M =my---my. N
r=a; (mod m;) (i=1,...,k)

—ERRE, FIR@EN =20 +tM, t€Z,
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MR M NE—RIRE, MIERB-TREEE. REY 1 NRGTREMEARL,
FIAMIER: BHEEHH 1, EHBHEHMERE 1 —TRIRE, N THELERIRIVEEL,

13.12 fZ7E1%: #9iEX B CRIREFR—. WEMRFMIIM

L M; = M/m;, BREMEN m; #5 m; BER, 5 13.4 THFRRERERS
gcd(M,,mz) =1,

BRFFN, B Miu; +mv; =1, 2 By = Miju;. T2
E;=1 (mod m;), E;=0 (mod m;) (j+#1).

%:K;EE m] | M7,o ﬁﬂy

k k
o = ZaiEi = Za,Mzuz
i=1 i=1
SMEREE m; B&, HRMERN 0, RE o,E; = a;, FILNGEEEI AR, FHEME
ik,

13.13 l—45 = ERf7

=,y BEHE, WET m; HERF ¢ —y, BTFREWmMER, ERERRNS T
BHER, AIREMAEFRFEREREL, M| (z—y).

RIIE, xo+tM NZFEHES ©o @R, AMUNER. BB,

13.14 FEMELN
Kz =2 (mod 3). =3 (mod 5). =2 (mod 7),

M =105, M; =35. My =21. M3 =15; FB®mTAE 2,1,1, EAXNRNFEINE
BERHYN 1, T2

2o=2-35-2+3-21+2-15=233 =23 (mod 105).
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EERE ¢ = 23 + 1056¢, EiRWL 23 73R 2,3, 2,

13.15 M FRMES IEtREHA

SHEBEZEREE my,. .., me, HEHA T = a; (mod m;) B, ALY

gcd(mi, mj) | (ai — aj) Xt 2R ’I,,j .

=8, € L=I1cm(m,...,mg), TEEIERN © = z¢ + tL.

BHARERE, BESEIMmRE, Flf 2 =2 (mod 6) 5 z =4 (mod 9) kf#,
NALE 3 TEFRYE 2, ERNANEN 1, Z4EakeE, B L FTRR, FALAT
BB TRIER .

13.16 AR W&

ZE z=a (mod m). z=>b (mod n), it g = gcd(m,n).

BT, BB —aS5c—b WHERAEYEDb—a. Eltg| (b—a) HE,
13.17 ATIRE: RoMSWE

g g| (b—a), Em=gm'. n=gn'. b—a=ge, Hbm',n' R,

Rr=a+mt, RUEB-THE. EZTHEERmt=b—a (mod n), FMT
FEER sE

mt—-ns=b—a <— mt—n's=c.

BEFEXM mu+n'v=1, £t=cu. s=—cv, FEHEBER, EILFTE

o = a + mcu, TOMHFILE,

= 2,y AR, N m,n HER z —y, BE13.9 %, lem(m,n) | (z —y). RiTHM
FER VSR EERSENER, ENSBRREHRI,
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13.18 IFERMNFEHIF
Kx=2 (mod 6). x=5 (mod 9), NI 3 BIRRIE 3, FIUEMRE.

Er=2+6t KABE 6t=3 (mod 9), X—RARENTF 2t =1 (mod 3): 2
RIS REIREXN PN RELIRN 3, HIFREREMNTREND.

it =2 (mod 3), Mt=2+3s, 15
z = 14 + 18s, z =14 (mod 18).
B2 lem(6,9) = 18, FEFER 54,

13.19 STRE: AOMAHIBET R MG L HRERE

LEEDREEEMTARENE, TOMLTHIE, FERR B—XNEH®, MUAREKE
", UTMERREEDE,

=
T
e
L =lcm(my,...,mg) = Hpj’.
=1

B e; RETAEMPIZRBIEHNSAE, FRNE—DTF h(f), & pjj | Mag) . 1R
EREYR

T =ap; (mod p?) (1=1,...,r).

RXERBZARRERR, MMER, BHNERIVEEIRHE zo.

AR ERERASE. BE i, % p; & m; PREEN fi; <ej. & fi; >0, &R
FERIER m; 5 my;),

Pl | ged(mi, mag) | (ai — angp)-
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THIBSERIE 2o = ang) (mod pf), FAINBEE pl¥ BRI, HARBIE o = a; &
ZRBE, W m; WETERRERRYT, ERFRERICEAE m; | (20 — a:).

BT i 5, HeEERAE. & L =1, WEIMREH 1, BEEBERSEREIA.
HRFEEAEHNENEZT, R EEENNRERZEAFEERE, RIRRARRE
53

13.20 IE—1E5— 1 SREHIF

EER B2 EWAE m; BiR, B L 2R xo +tL X222/, PTEE L
—. L WEZ@BEESNR/NEFRER: EURSGHENEFEEEN IR EMRENERR,
bt L R,

BIENER my = 12, my = 18, m3 = 20, REDAA 5,11,17, =T AHNENR 6,4,2, #
BIRNNREE, L=180=4-9 5, FI{ZE

=1 (mod 4), z=2 (mod 9), z=2 (mod 5).
B xo = 137, ZFWEL0E 12, 18,20 23R 5,11, 17, #EaRf#EN 137 + 180¢,
£ 14 E: #EikA: BRIt A—ERRIR

R[E B

FEEEELRRARRNE X NEFEMEIERNESE, I—ERMREEESHEIMAN, &8
TRIE8)“ BP0 A BB B IXAF RV B IS (32, IERRSTERM T TR, BIRHEIZIN
NBRE, REETHEMAFENRAERE,
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14.1 #BN5[3E—: — =AM

HZalfid, m>0, N

d

dp(a™) = ————|
ordn(a™) ged(d, m)

Figm>1, £ h=gcd(d,m), 5d=hd. m=hm', EF ged(d',m') =1,
R K,

(@™rf=1 = d|mk < d |m'k = d'|E.

EE—SHAEREE®R., FIMRNEEEd., Sm=08, o MK 1, HiotLE
d/ged(d,0) = 1, ZA2 T ERMEFBIIAPEREERANAR, hBESEEBEIREITH
BRI TT,

14.2 §EBHS |13 MY BRI SEIRASM

i% ord,(a) = r. ord,(b) = s, B ged(r,s) =1, EEHHFETZHR, FlLb

ord,(ab) = rs|.

%8 (ab)™ = (a")*(b%)" =1, & t = ord,(ab) & rs.

X (ab)t =1, B r X8, B2 a™" =1, a" =1, FRXN O =1, #ms|rt. H
r,s BF1, ¥#WE s|t. EE r|t, BHEBSRRERIEL, rs

t=rs,

t. &8 t|rs, 1§

XIF B ER IR HBAET AL, E—RRBEPELNEKRM T TRARR, SUER—
E A IFTT

EMAER, SRR B TR 2,4 0K98 3, B2-4=1, FROMA 1,
SHEEBRTHEEM a,b, © L =Ilcm(r,s), M (ab)l =1, MRANHEER L. B

P S REX T ERFRH#H—TREIFS,
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14.3 At 2IFF S MR EBITIREN

TR p NRBIZETF, 2 f OXEA m, ESXREEDp TH 0, ERZE M D
RN EHIRERIIR,

SRR 7 BRRIKIE. W& j > 1,

gl —ri=(z—r)(@@ t+2 P+ ).
EmEmat f(z) — f(r) = (. —r)h(z). & f(r) =0, EEE p WZMAHRERFE
f(z) = (z —r)h(z), h XA M —1,

m = 0 WIFFEHLER. AP, FZBRELER; EAR r, ¥5—TFER s,
BE(s—r)h(s)=0, Alp BB s —r#0, ADEE s —r, ¥ h(s) =0, ARR

REEMREZ m — 117, ML rEZ m 1. ik,

FHEHENRITET TR, % 8 WZMN 22 —1F 1,3,5,7 MR, BBIR
£, WmIAS BRI BERRR.

14.4 BT FRAESBRIR: STEMWISIEH
p=2H, FERRERF L HMAHl=p—1, ELRER. UATFT&p>2, %

k
N=p-1=]]4"
=1

Hep ¢; ATEIREA. A TRERARBEWE— TN UM BITE.

B RITWBIERECEENTE, 2Tt «V/% — 1 )"8H N/q; < N, 852
B N/q¢; MB, MIEZRREE N D, EEERES o, &

aév/ %41 (mod p).

=5 RYMTNEERNE, St = ordy(a;). BE4E, ;| N, @
t; 'f N/qu SNEHET 1.
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N/q; 5 N R7E q; W38 EE 1, ¢; WEMREISHRER t; | N BREl, & ¢; AEHD
EZ e — 1, FLER N/q;, FE. Bt

ti = q;'si, ged(gi, s;) = 1.

B=%: BREMPHEMEF. EXb; =a'. BR s; | t;, ARHMAR,

tz' t_z — qfi.

dy(b) = —— =
ordp(bs) ged(t, s;) S;

ENE: SHETERM. Bg=>b1 - by, SMATEFRYNRE, MAER; &FEEA
Rk, REFERE 142 15, BRERMDS T—1TMER, 5E

ord,(g) = qu" =N=p-1.

FTA g RIRIR, EEE,

“BTTENMEER p — "S5 EIEBBEARE p— 1, SR LRI
RRMTR, BNNAINARRNARYRE, BRMRAGIEATTHHATER.

14.5 B REZ M

B—RpHRERR g, N=p—1, £HFEFHREAE—RTHN g™, L<m N,
RN AT,

N

dp(g™) = ———.
or p(g ) gcd(N,m)

Hit g™ 2FER, HEXH ged(N,m) =1, HF o(N) 1. FILAE p BREEHN
ep—1). p=2KA (1) =1, ELMRKIL,
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1REY [RIRTEL EERRAR

5 2 2. 3

7 2 3.5

M 4 2. 6.7.8

13 4 2, 6.7. M

17 8 3. 5.6, 7,10, 11 12, 14

14.6 RIRFIES SEUR G

% ptg, N=p—1WFRAREFH ¢. N
gEER <= ¢V/%#£1 (mod p) W2 g;.

HEM: R N NRERET N/qg;.

oM SMAd| N, Ed< N, BN/d>1BEMREF ¢;, TR d| N/q;, #
EHENRSFT 1, FE. p=2 HKEFNRNEREF, FEXMCEE—RERR.

fl: 1T N=16=2% 3*=13, 33 =132=16 #1, il 3 HEIR,
8 MERNRE 1,3,5,7T 2WMFEAN 1, FLMESZH 2, T ¢(8) =4; BRERIR.

—MOER: En>20AET, BEBERSITN 2,4,q% 2¢%, HF ¢ hFHEE,
> 1, WPRZIRRE L, TRABELETEILNR; FJS%E Yale FULS5HLFIRENH

o &

o
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5815 F|: #3eutiA: 2. FrSERAIERENITER
R[E B F

FI0EELEMNEN A TVERBIHFNMITN, XEFREABPNEXSTEIULR, F4b
L TTEMBRREN RIS, BHRMERRENIES;: THSRMAIERRERFIE
8, B3IN—MEX, BEFSNTREXERERERE, #HEE,

15.1 MESREHNBENES

AIHEZIEANEET. BNERSERR, IMREFMNMESA—RA. BEF —TNzER
£, c8hE: 3. £517%. R, 8T xEzBY¥rx. EEELHERBRE,
REIREE, BHOMETRENE, 187 |G, ESETTZNMERIPRERNE,

It n>2, & nNEREIREHR
= (Z/nZ)* = {|a], : gcd(a,n) = 1}.

LZBARREFRE. F 134 TRIUEERIDER, FROEERF; BESEAGLEESES
wiE; [1], R8Art; % 13.3 TRIEE N TEE ¥, MEFExtES5 n BEFE. Al
n 2 BRXIEE, (U, = ¢(n).

S )<‘l m

MR p, Up MEEEEFTRRE, i p— 1, 5 14 EELTBIUERRREE, AU
T g NBiBH Uy, XFER

EENE, XE RN R I TENTERENE BRI BT TENEHEREN"E
SRHVIER,

—REEARIERER: Us = {1,3,5,7} BN RER, AEBEMAITNITER, AR
PIRETIEER R
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15.2 BREFFPRITEM S B F 8%

UTFER 1 RRBEMIT. NARBTHNTE o, ERMERE o = 1¢ NR/NEE
8 d,

SRR BB, £ |G = N, 1g,0,a%,...,a" 3t N+ 111, WEFR
HE, ®al=dl. i<j, ’a 18 o = 1g. HRFFRIET RS/ NEE,

5% 4.2 TR FERIRE, PILOERYN k> 0,

a*=1¢ <= d|k

At 1g,a,...,a% ! WMAAE, BEAEGEHEHSTERE-H, XMESTH
H = (a), EBSEMIT; MIRMNE—E; of TN o?7, ZIEHRMRNES
&, At H 2 G T, 188 d Pax.

E—AREFHFEAI MERBIURE, WRBHEITEX: ZENITHRRBIERNE.

15.3 BaSR ¥l S hitgEA B EIERY5EEIEAA

X H 2HRE G TR, S ge G, EREEXH
gH = {gh : h € H}.

£—, SVRES HEA, M8 h gh BWE, BMEN - g 'z, &
95| = |H].

B, MTESAXMMER. & z=g1h1 = g2he, HEHR hy,ho € H, N
g;lgl = hzhl_l € H.

LTTER ho, B g1 = gaho. WFEAN h, hoh € H, Fild g1 H C goH; KF3
hy' € H SREEE., MR M EERLER.

E=, BERESEM. 8T gec GHET gH, BN g=glg.
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GLE, TEERESE G UPBETERESE. BHIGE |H| TRnRENEE. &8 kT F

EIFEEE, N

Gl =klH|, ||H]]||G]]

SRR EER, B H = (a), 218

ord(a) | |G||-

IR B ERARZRE, ERTESRRE.

ERFEARISTRAETIATER. FI2 Us 89kR 4, ETRMD5IH
1,2,2,2, 2BHNHN 4 TR, GEHERSTEEEHITH, KBNS EARX I E
.

15.4 ERBPNENAR, SHETEE

% G={g), |G|=N, BElgtMHi N, 8 NTt=EW—BHh g¢*, HH0<Ek< N, &
140 FHOSIEER PRI 3 k> 0,

N

e = awm |

k>0, EN=cn'. k=ck', c=gcd(N, k). XIEEE m,
()" =1g <= N |km < n' | ¥'m <> n' | m.

BE—%H ged(n', k') = 1 5EFREEE, FS/NE m B n' = N/,

#Zk=0, ¢ =1¢ KK 1, T ged(N,0) = N, AXERLE 1, X—HHETH
RIT BB S BATTRILR,
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15.5 At 47 d NTERFERAIRBA LS T

i%d| N, £s=N/d, ARFHA,
ord(g*) = d <= gcd(NV, k) = s.
BHEKRs |k, Ek=st. HF0<k<N=sd, 88 0<t<d, #B
gced(NV, k) = ged(sd, st) = sged(d, t).

XM FN B AIHEE 13.9 HRIFEFE SR &/JVEIER. Eitt

k= (N/d)t,
ord(¢F) =d <= {0 <t < d,
ged(t, d) = 1.

Yd>1, N LIAE e(d) N, BRNOFRER, HitEESL,...,d S 4
d=1, REt=0, Hged(0,1) =1, 85 ¢(1) =1 —. 81 t IELFEH ¢*,
FFT A

#{x € G :ord(z) = d} = ¢(d)|

= d{ N, BAEBAATEENCN 0, AIHRERTL, EREIFEEPESIEFENRHHSIERK
L

BN =2% STEMREER 2, 0<t<a. HH=EH

EX ¢t > 108 28 MERRRSHTH, B—%, BIRER 1+ ), 281 =2
RRBEREMM . XHES 10 FRAR B2 PaTHEUKEE.
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15.6 [RIRFEMNS—FIER: AR/ AEE

FEIHEAH S—MIER, TS5 14.4 HTRETRBEWENR, i&p>2, €
E =lcm{ordy(a) : a € U, }.

ST p—1, W E|(p—1). 3—HE, BTEERRELHFR of = 1. 2N
X zf —1EMEVE p—1ME; BE 143 THRBLESR, p— 1< E, T8
E=p—-1,

FEBHPETENMEFES E, B E = [[,£5, TSRS M MS/IVARE,
HFSPMRARME £, BEED e, ERH £, B ged(ly,t;) = 1. B b; = a¥,
BN AAEINN L5, RENFRER, ERETRM, 5142 THAY g = [[, b 95
NE=p—1, i g 2R, p=2 $ME g = 1 BT,

XER R/ NAEEA A — T T RN IA R ROMDIEIS B BRATIREERLIL, TRERERIRE
. PIRI=T=EMRE S3 WTEMES. BRUM=EHAN, Mo5A 1,2,3, &2
&80 6, ZMZBMM 6 KITER.

15.7 #X=ZE. BEHS5HEIEE

FERBEAREE, TEEAYIEESTANEL. WEREESE Q B SR o
AR p, > 0, HHE Y cqPo = 1. SHEHHT—F& A, HHEN
P(A) = 3 ca Puo ENEXSHAOMET AN,

HAMREREME, MAII DM, LR

4]
P(A) = 2L
2]
BHEE X SMERREHOBITE. B X = t IIEHER M RENESR, Eit

PX=t)= ) ps, Y PX=t)=L

w: X (w)=t
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RE—TEXRETEANENBIEERATELYS . FEHEE—ARENNER 1; XB
ERANERE T ZESBERMENRE,
15.8 WMERIFISE, FRNRGRAIFIY

= XTAREE S £195, f: S - R 22—, Ny e R,

_ #HzeS @)=y}

P(f(X) =) 5

XEERYDITHIEE, MR f 2R, SIEGRE—TE, BEE R £949. W
% f 2%5, MESNREGLEREN c At I |S| = dR|, HHHE R £i94,
=R c/|S| = 1/|R)|.

BHHOBERBRFREG KD, TENBEABAHDSIMETE. F99K X € {0,1,2},
5t X mod 2 BX 0 A9E=F 2/3, BY 1 M=% 1/3,

N k95EE0,...,Mu—1, B8 k— kmod M HWBITREERN
Jj+M,....54+ (u—1)M,

BE u I, RIS, & ged(w, M) =1, j— wjmod M XENG: HEEBEER
FOBERBELRERRE, BREANNES LHNBSHMENRS ., MSEERNFRFIS,

15.9 FHHR, MIMSEHMEAN
2 P(A) > 0B, SEHEENR

P(AN B)

P(B|4) = —p

BZE X,Y 183, KRAINEZHRE z,y,

PX=2z,Y=y)=P(X=2)P(Y =y).
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A, # P(X =z)> 08, P(Y=y| X =2z) = P(Y =y), THMERHESHIE
AR,

IR Ay BEAZ B REABERES, W B# BN Ay ¥, AU

P(B) = ZP(BﬂAt) = Z P(A;)P(B | Ay).
t t:P(A;)>0

XM EREMRAN., FSHREDIZZHIONFHRREX, ATBERRIZIR

MR X,Y Wiz, 23REBENN f(X),g(Y) iz, BEEE u,v, BRESHRE
F:
P(f(X)=u,g(Y)=v)= > Y PX==z)P(Y=y)
z: f(z)=u y:g(y)=v

— P(f(X) = w)P(g(Y) = v).

B DA EMTIHEEHERBE T8N, TEBMETSMIL,

316 F: w3 RBRME. A—RAS5GTHE

REH

v

ENED—FERIERR T, I—EOE=7/MNa)@: LIrEREZD, HEEH
BESHNE, SBRITERESKNE, SREEMREANTUREX—F,

16.1 R R AN S REFH

RBREBI0BMIEE: p— 1 =2%%, BEq—1=2%, Hihu, vhFH,
a, B> 1, TEEMNEHSEE RESITHETER,
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< my = min(a, B), MLEEMRNHEEER O0,1,...,me. KAND,

143700 2%
20+p

1+ 7t 40
2a+p

1+ (4™ —1)/3

20+
4mo 4 2
3.90+8 [

P(kW) =

ESJlis

4mo 1 2
3.92a+8 |

P(pIn) =1—

LR R SME TRRBAER, M K A2HNTEFHEF 2: siEEERFi
RERSI, EERERFIIEZN 1 NESR.

a 8 S IR IR
! 1 1/2 1/2

2 1 1/4 3/4

2 - 3/8 5/8

e 3 11/32 21/32

2 4 3/32 29/32

o= B=m KRN 1/3+2/(3-4™); mo=1EN 1/2, USRI,
EWMERE, HEBE—HRN 2 LMBERE ), BRSERIIBE 1/2 BIE
a=p=13%, Bp=3,q="7EIN—H,
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16.2 FiER/REE: SH—BAHSETTEZEAH

S n>2, 2 U, NERFKRE., EX A(n) B a € U, HHE of = 1 WR/NER
H L,

B3 4.2 7, = LNEHRTH, SENSEERSTTRZNNER. Bt
A(n) = lem{ord,(a) : a € U,}, ord,(a) | A(n) | p(n).

SEDEBRESINMIER o(n), MNESIVAMEKBER, 18 8 BMS5N
1,2,2,2, # A(8) =2 < 4= ¢(8),

SRS p, EARETEIERIE A(p) = p — 1. A NRERE p,q, DERREEIE U,
SRIE) Uy x Uy, HE—ABET 1 YENUFHNLIFHET 1, AL

A(pq) = lem(p — 1,q — 1).

oM EERNVABEBERTLATNEL N 1, DN BinEFERREENEERT
=, HiE p BIirARIR. & q L4508 1, FIUERR—EBELIHR p — 1 iR, KRdin
X q—1ZRE, BMEME RN EHRER.

ZHESANXEIR: MEN—NEE, A(n) SNEBEREBOS/NE—EE, o(n) &
EREHTE, ARRH—TA—1EH, —R A WRSE LA REMBELNTERRRIT,

16.3 AR IEFENEZE—TIENR—EEUEE

BRIEERE
ed=1 (mod A(n)), A(n) =lem(p— 1,9 —1).

XNEMS RFC 8017 £ 32T —H, S K=ed—1, M A(n) | K. BEXEERER
0 o(n) | K; RENZEHIAREERBEEMNT.
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ERK>0, EBe>1,d>1MRIEX—=; e=d=1%4 K =0, XL
ESREHEMHENER_XBDE. ERMENINER, MELATNESECE, TEEMW
NZENDRIAFM,

¥ K FERERAT 2 1IRENHR, FEIE—267
K = 2°r, r > 0 AT

R7 p,q AFFRE, p—1,q— 1 #HAHBE, Ws>1, WETa €Uy, BENEED
Flst o =118 p 518 q, A CRT &#18

o =1 (mod n).
BEEMENE K, ZHME A(n) 5 ¢(n) HZIREE.

16.4 BRRKINS HIE STz AT [E]

% 1 SEAIRERRENE—RRIDBEE DN 1/2, E2H 1,...,n — 1 ik,
FERHREERY; FHTFERRNNANS. B2 BREN—RANHELED R
1/2,

JMITEE kORINEMBEERZESZ SR 2%, gltn k=20, £RH
1/1048576 ~ 9.54 x 107, XFRIEE M HENFFIEBRKIN.

ZREMNEZ—BHEMOER, HERWXEEZN 2, MA Las Vegas BENE
5 BRRMRAFTATEAR LRI E FATIRMIR SR, AL IRERN" S — T RE5
UERYEF

SRERBANUEITE. REMRU 2 KZ#1T O(log K) R, RIFFFE O(logr) R
F, EEFHRSZ s < |logy K| JR; ged MBI EIRIERNUEHI Z I 85
Y. BAE SR EIELRE logn + loge + logd MZINA, MAE5EAREH K HWEEMK
IFtE, B% RSA 88U RNT n, LEIBATIR logn 124,
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317 F: R/ MTEEE, BAGYOE
R[E B F

AERBFENECINRDIHE. REFHELRARBRIXF, BHEICHINEATNR
fRFhR, TS INEIERIRSAIER, 43)MRNIEIRER, BERTRYIE.

171 =M M A ERS

B 22 HIF

FE @ EHAES O n()  w(12)=5: 2. 3. 5. 7. 1
n B OMTRRET win)  w(360) =3

n WREFEEHREES O Q(n)  Q360)=3+2+1=6
REBERS n EROEHES O o(n)  (360) = 96

MEn=pf - ppt, Wwln) =k Qn) =Y, 0, FUE w(1) = (1) =0.
SMNERFEDN 2, n > 29M R

w(n) < Q(n) < [logy n|.

=8 kTN TRRET, BEMHFES ¢ TNTE « L, M n ZDF81 k
AR, At n < 6 WHREZ—M, n < 30 NEZAmM, n < 210 NEZ=M, X7t

FITICHEBRAFIEENE, TEIMATEELRIIIRNE.
17.2 FEOTAS LA ANBHRREIE
SBEEN

m(z) ~ ﬁ (z — 00).
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~ RAAELLEBRT 1, FTEHEMESE; ENREBRT 0, BRERFRELITIREGT 0,
STEE n, “NF n”BHHERE 7(n — 1), £2 7(n)., £F Carl Pomerance HIE1S1H#

o

LR n B n NIRRT n/lnn (£9)
10 4 4.3

100 25 217

1000 168 144.8

10000 1229 1085.7
100000 9592 8685.9
1000000 78498 72382.4

BIERE ¢ B MARBNEZELR 1/ Ine” B—ME LB, TEIA. R
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